If one drops the unicity assumption, (C(D)) is the property of having constant diameter, which is in fact equivalent (for closed curves in the plane) to having constant width or constant breadth (for the definitions and the proof of the equivalence, see [8, chap. 25 
]).
It is a surprise to many (including me !) that curves of constant diameter other that the circle do exist. The simplest examples (due to Reuleaux [9] ) are pictured below. They are built with circle arcs whose centers are marked with a black dot. Notice that these curves are not C The theory of curves of constant breadth has generated a considerable literature, starting with Euler [3] and including works by Hurwitz [4] , Minkowski [6] , Blaschke (five articles in [1] ) and many others. These curves have many interesting properties, the most startling being perhaps that their perimeter is π times their diameter. See [8, chap. 25] for an elementary account, or [5] for a more thorough, though old, presentation. For n ≥ 3, to our knowledge the property (C n (D)) has not been investigated (but see [5, p. 61] , and [2] for a related problem).
In this note, we shall prove the theorem below, using only basic differential geometry (tangent, curvature, and so on). We recall that a curve is regular if it is C 1 with non vanishing derivative.
Theorem. i) For all n ≥ 2 and D > 0, there are C ∞ regular simple closed non circular curves Γ with property (C n (D)).
ii) The circle of radius D/2 is the only C 2 regular simple closed curve which satisfies both (C 4 (
) and (C(D)).
Remarks. For i) n = 2, such C ∞ curves abound in the literature, see for instance [10] or [7] for one given by a polynomial equation. We however give a short self contained proof that yields simple explicit examples. For ii), notice that a square with edges length D/ √ 2 has diagonal D. This result gives a definition of the circle involving only Euclidean distance between points on the circle, while most usual definitions refer to points off the circle.
Proof of i) for n = 2. We shall prove the following:
To obtain explicit examples, we can take r(θ) = a · sin((2k + 1)θ), with k ≥ 1, a < D/2. Integrating, we get
(cos θ, sin θ) has property (C(D)). One could also take any linear combination of cos((2k + 1)θ) and sin((2k + 1)θ) (k ≥ 1), with small enough coefficients, for r(θ). Below are pictured the curves of diameter 1 (and G) for r(θ) = sin(3θ)/3 + cos(3θ)/5, sin(5θ)/2.01, sin(3θ)/10 + cos(7θ)/2.501.
′ (θ) = 0, thus γ is regular. We could end the proof here by invoking the classical result that a curve such that every normal is a binormal is of constant diameter (see for instance [5] ), but let us give a self contained argument. Since γ
)(cos θ, sin θ), the curvature of γ is
We now show that γ satisfies (C(D)). If ǫ > 0 is small enough, since the curvature of γ at θ + π is strictly bigger than the one of the circle of radius D and center γ(θ) while their derivatives are collinear, γ(θ + π ± ǫ) is in the interior of this circle, and thus ||γ(θ + π ± ǫ) − γ(θ)|| < ||γ(θ + π) − γ(θ)|| (see the figure below, on the left). If one "goes away" from θ + π, the distance will decrease more and more. Indeed, by construction the segments between γ(φ) and γ(φ + π) (for different φ) all cross each other. We are thus in the case of the figure below, on the right.
The circle of radius D and center γ(φ + π) is dashed. For the same reason as above, the curve will stay (locally) inside this circle. Thus,
(see figure) . The distance decreases thus strictly when φ gets away from θ + π.
Proof of i) for n ≥ 3. Let γ(θ) = G(θ)+R(cos θ, sin θ), where R is the radius of the n-gon with edges length D, and G satisfies G(θ+ 2π/n) = G(θ). By construction, {γ(θ + 2kπ n )} k=0...n−1 are the vertices of a regular n-gon with edges length D (see the figure on the right). We will show that if G and its derivative are small enough, there are no other such n-gon inscribed in Γ at γ(θ).
For this, write f θ (φ) = ||γ(θ) − γ(θ + φ)|| and suppose first that γ is a circle (i.e. that G is constant). We fix ǫ > 0 such that if
This property will remain true (for all θ and for the same ǫ) if G is small enough. If γ is a circle, f θ (φ) is strictly increasing on ] 0 , π [ and strictly decreasing on ] π , 2π [. Thus, if G and its derivative are small, f θ will be strictly increasing on ] ǫ , π − ǫ [ and strictly decreasing on ] π + ǫ , 2π − ǫ [ for all θ. There are therefore only two points at distance D from γ(θ), so there is a unique n-gon with edges length D inscribed in the curve at γ(θ) (if G and its derivative are small enough).
Proof of ii)
. Let Γ be a C 2 regular simple closed curve satisfying (C 4 (D/ √ 2)) and (C(D)). We take D = 1 for simplicity. Let γ parametrise Γ by arc length counterclockwise.
If x ∈ Γ, denote by y(x) the unique point of Γ for which ||x − y(x)|| = 1. If γ(t) = x, γ ′ (t) must be normal to x − y(x), because the curve must be totally inside the "dashed eye" of the figure on the right, and in fact, y(x) is the point on the normal at x at distance 1 from x. Moreover, the curvature must be > 1.
Since the unit normal vector at γ(t) is n(t) = (−γ
(Notice that we cannot use the implicit function theorem here, because the derivative of ||x − z|| vanishes precisely at z = y(x).) Moreover, the angle between the oriented line segment [γ(t), y(γ(t))] and the horizontal axis strictly increases. Given θ ∈ [0, 2π], there is thus a unique (oriented) line segment [x, y(x)] making an angle θ with the horizontal axis, we define G(θ) as its middle point. Since y(x) is differentiable with respect to x, G(θ) is differentiable with respect to θ. Then, γ(θ) = G(θ) + (cos θ, sin θ) is a parametrisation of Γ (see the figure below, on the left). By definition, y( γ(θ)) = γ(θ + π), and since the tangent of Γ at x is normal to x − y(x), we have
which implies G ′ (θ) = r(θ)(− sin θ, cos θ) for some continuous r. Now, since Γ has property (C 4 (1/ √ 2)), there is a unique square S(θ) with edges length
inscribed in Γ at γ(θ). Since γ(θ + π) is the unique point of Γ at distance 1 from γ(θ), γ(θ + π) is the vertex of S(θ) diagonal to γ(θ) (S(θ) has diagonal 1). Thus, G(θ) is also the center of S(θ), which implies G(θ + π/2) = G(θ) (see figure below, on the right). We finish with the following proposition, which gives a motivation for the "!" in the definition of (C(D)):
Proposition 2. Let Γ be a continuous closed piecewise regular curve satisfying (C(D)). Then, Γ is regular.
Piecewise regular means that the curve is regular everywhere, except possibly at a finite number of points. The proof is left as an exercise. (Hint: Show that y(x) is continuous in x, then that Γ cannot have corners.) Notice that taking b = 0 in the first figure of this paper yields a curve of constant diameter with corners (the well known Reuleaux triangle).
